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In this paper, a decentralized procedure for designing controllers for flexible structures is presented. With
decentralized control design methods, the system to be controlled is divided into subsystems for which controllers
are designed. These are then combined in some way to form a controller applicable to the original system. In the
proposed method, the structure to be controlled is considered as a collection of substructures. For each substructure,
a subcontroller is designed with linear quadratic optimal control theory, although any method can be used. Then, a
controller synthesis scheme called Substructural Controller Synthesis (SCS) is used to assemble the subcontrollers
into a system controller, which is used to control the whole structure. The proposed method is closely related
to component mode synthesis methods of structural dynamics and to decentralized control using overlapping
subsystems. It is attractive because, unlike most decentralized methods, an explicit decomposition is generally
not needed since substructure models often exist a priori. Also, an SCS controller is very adaptable because each
subcontroller is designed based on an individual substructure model; therefore, the controller can be updated very
economically if part of the structure changes. A plane truss example is used to illustrate the proposed method.

I. Introduction

T HE problem of controlling flexible structures, also called the
control/structure interaction (CSI) problem, has been an active

area of research during the past decade. Typically, CSI problems
combine dynamic analysis and identification of structures with ap-
plication of control methods. In the conventional approach to struc-
ture control, a controller is designed based on a centralized con-
trol model that is created by reducing a larger evaluation model.
Sometimes a reduced-order controller is formed to accommodate
hardware constraints. The final controller is then verified with the
evaluation model.

Another approach for designing controllers for flexible structures
is through decentralized control. (For a discussion of decentralized
control methods, see Refs. 1 and 2.) In this approach, the system
to be controlled is viewed as a collection of subsystems. Controller
design is carried out on the subsystem level, and the individual
controllers are then applied in some manner to the complete sys-
tem. The general decentralized design process is summarized in the
following steps:

1) Divide the evaluation model into subsystems: For structural
control problems, the subsystems are usually substructural compo-
nents or groups of modes of the evaluation model.

2) Reduce the subsystem models as necessary.
3) Design controllers for the individual subsystems.
4) Combine the subsystem controllers into a controller for the

complete system.
5) Create a reduced-order controller as necessary to make hard-

ware implementation feasible.
6) Verify closed-loop stability and performance.
For structural control applications, this approach is particu-

larly attractive because it addresses the fundamental problem of

Received May 7,1994; revision received Jan. 3,1995; accepted for publi-
cation Jan. 15,1995. Copyright © 1995 by the American Institute of Aero-
nautics and Astronautics, Inc. All rights reserved.

* National Research Council Research Associate. Member AIAA.
t Graduate Student, Aerospace Engineering; currently Member of Tech-

nical Staff, MRJ Inc., 10560 Arrowhead Drive, Fairfax, VA 22030-7305.
*John J. McKetta Energy Professor in Engineering, Department of

Aerospace Engineering and Engineering Mechanics. Fellow AIAA.

model dimensionality. Essentially, it is easier to solve a number
of small problems rather than one large one. Furthermore, with
an appropriate definition of subsystems, the decentralized control
paradigm makes it possible to consider limitations on information
transfer between sensors, controllers, and actuators. It also becomes
feasible, during the controller design process, to consider the pos-
sible connection or disassembly of components.

In structural dynamics modeling, the two dominant types of sub-
systems are physical substructures and groups of correlated modes.
Recently there has been a growing interest in using physical sub-
structures in decentralized control.3"7 In Ref. 3, Yousuff applied the
concepts of overlapping decomposition and the inclusion principle,
developed by Ikeda and Siljak in Refs. 2, 8, and 9, to structural
systems described in matrix second-order form. Later, Young in-
troduced a method called Controlled Component Synthesis (CCS)4

in which he interpreted the result of overlapping decomposition
applied to structural dynamics equations in matrix second-order
form. The components, or subsystems, used in the CCS approach are
configuration-space substructure models with inertia and stiffness
loading from adjacent substructures at the interface degrees of free-
dom. They constitute a special case of the expanded components de-
scribed by Yousuff.3 A CCS controller is created using what Young
calls the interlocking control concept, which is essentially a linear
quadratic regulator (LQR) (i.e., full-state feedback) with the perfor-
mance index chosen such that the displacement and velocity of a
specific set of nodes is minimized. In Ref. 10 the authors modified the
CCS method to create a decentralized output-feedback controller.

This paper describes another substructure-based decentralized de-
sign method called Substructural Controller Synthesis (SCS), which
uses substructures as the subsystems in the decentralized design of
a controller and exploits the physical relationships of compatibility
and equilibrium between the substructures to create a controller ap-
plicable to the complete structure. The basic idea is that controllers
will be designed for individual substructures, and a global controller
will be created by assembling the subcontrollers by the same pro-
cess that is used to assemble the substructure models. This process
is shown to be related to overlapping decompositions of generalized
state-space models, also known as descriptor models.

The SCS method is attractive for a number of reasons. First,
like all decentralized methods, it relieves the computational burden
associated with dimensionality since controller design is carried
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out at the subsystem level where the models are of much lower
order than the assembled-structure model. This can yield a sub-
stantial benefit because the solution of N x N Riccati equations
used in modern control methods requires roughly N3 operations.
Next, an explicit decomposition of the complete structure is not
necessary because the substructure models often exist a priori. Fi-
nally, the SCS controller is highly adaptable because each sub-
controller is designed based on each substructure independently,
and therefore it can be updated very economically if part of the
structure changes.

This paper is organized as follows. In Sec. II, the decomposition
of structural dynamics systems is discussed, and a concept called
substructuring decomposition is defined. This concept is essentially
an extension of the well-known substructure assembly method to
generalized state-space models. In Sec. Ill, the SCS method is pre-
sented. Next, in Sec. IV, overlapping decomposition and the inclu-
sion principle are defined for generalized state-space systems so
that, in Sec. V, we can relate substructuring decomposition and the
SCS method to them. In Sec. VI, a plane cantilever-truss numeri-
cal example is used to illustrate the proposed method. The paper
concludes with Sec. VII.

II. Decomposition of Structural Dynamics Systems
To define substructuring decomposition of a structural dynam-

ics system, consider a structure composed of two substructures that
have a common interface, as shown in Fig. 1. (The procedure can
be extended to more than two substructures in a straightforward
manner.) The dynamics of the assembled structure (i.e., the struc-
ture as a whole) can usually be described by a second-order matrix
differential equation and an output equation:

MX + Dx + Kx = Pu + Nw x e 9ft", u e VI1, w e
y = Cpx + Cvx + v v, v e

(1)

where jc is the vector of physical or generalized displacement co-
ordinates of the structure, u is the vector of inputs, and w is the
vector of disturbances; y is the output vector and v represents mea-
surement noise. The terms M, D, and K are the mass, damping,
and stiffness matrices, respectively; P is the force distribution ma-
trix and N is the matrix that distributes the disturbances; and Cp
and Cv are the displacement and velocity sensor distribution
matrices, respectively.

It is assumed that the inputs and the outputs are localized. In
the present context, the term localized inputs means that actuators
and disturbance sources are distributed so that ua and wa are only
applied directly to the a substructure and up and wp are only applied
directly to the ft substructure. Localized outputs means that there
are no sensors at the boundary nodes (see Fig. 1).

Similarly, the equations of motion of the two substructures can
be represented by

+ +
j = a, ft (2)

Since the two substructures have a common interface, the displace-
ment vectors of the substructures and the assembled structure are
related. Let Xj represent the physical displacement coordinates of
substructure 7, and let the physical coordinates of the substruc-
ture be partitioned into two sets: interior coordinates (i set) and
boundary coordinates (b set), as shown in Fig. 1. The displacement

a substructure P substructure

t t
Common boundary

o ~ interior node
• - boundary node

Assembled structure

Fig. 1 Two-substructure model.

compatibility condition requires that x% = Xp. If the displacement
vector of the assembled structure is represented by

where xb is the vector of interface degrees of freedom, then the
three displacement vectors jca, jc^, and jc are related by a coupling
matrix T:

hi-\xi>\

o ° 'ioj
It can be readily shown (e.g., see Refs. 11 and 12) that the system
matrices of the assembled structure and the system matrices of the
substructures satisfy the following relations:

0 Mf D

ih
'-[Na"

°

(4)

CD =

The above relationships show an inherent property of structural
dynamics systems, namely that the system matrices of the assembled
structure can be obtained by assembling the system matrices of the
substructures. This property is, in fact, the essence of all matrix
assemblage methods (e.g., the finite element method and component
mode synthesis).12

The above formulation is based on the matrix second-order form
of the equations of motion. For controller design purposes, it is more
convenient to have the equations of motion in first-order form, so
let us rewrite the complete structure's system equations (1) in the
following first-order form and let us call this system S:

M o
-K 0
0 M

We can write these equations in more compact form as

Ez = Az + Bu + Tw z e f t 2 " , w e$lk

(6)
y, v e

where z is the state vector z = (XTXT)T and the meanings of u, w,
v, and v are unchanged from Eqs. (1).

Similarly, the system equations of the substructures may be writ-
ten in first-order form as

Dj Mjlfxj^r-Kj 0 If*,
Mj 0 \ \ X j \ [ 0 MJ\\XJ

(7)

j = «,p
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or, using more compact notation, they may be written as

Ejij = AjZj + BjUj + TjWj

Jj = CjZj + Vj j =<x,ft
(8)

where Zj is the state vector of the ;th substructure, Zj = (*J xJ)T.
The individual substructure system equations can be combined

into a block-diagonal system that will be called the unassembled
system and labeled S:

Bu + Tw
(9)

where

and
T~\T

The state vector of <S and the state vector of § are related by a
coupling matrix f , as follows:

(z)

0

(T) (z)

(10)

This matrix is the first-order analog of the coupling matrix T intro-
duced in Eq. (3). Physically, it simply describes the compatibility
conditions that must be imposed on the interface states. The dis-
placement compatibility condition is given in Eq. (3). The velocity
compatibility condition requires that jcj = Xg, which leads to

xa = Tax, (11)
Equations (3) and (11) together show that the state vector of <S and
the state vector of S are related by the coupling matrix f . In general
applications, the ;ca, xp, and jc vectors do not have to be described
in physical coordinates. For instance, in component mode synthe-
sis methods, the dynamics of the substructures are represented by
a set of assumed modes called component modes. In this case, the
column vectors in the Ta and Tp matrices would be the represen-
tation of those component modes. Even though the displacement
vectors would be in generalized coordinates instead of physical co-
ordinates, the state compatibility condition can still be described
byEq.(lO).

Using this first-order coupling matrix, the system matrices of the
assembled structure, <S, and the system matrices of the unassembled
system, <S, satisfy the following relations:

= fTET, = fTB
(12)

= cf
and we call S a substructuring decomposition of <S. The concept
of substructuring decomposition is most intuitive when applied to
structural dynamics systems; however, it can be applied to any
dynamic system that can be described by generalized first-order
equations like those in Eqs. (6) and (9). In the next section, a sub-
structuring decomposition of the closed-loop dynamics equations
is presented.

III. SCS Design
In this section we discuss the SCS method, a method by which

controllers are designed for individual substructures and are then
assembled to form a global controller applicable to a structure as-
sembled from the substructures. For each substructure, a subcon-
troller is designed with linear quadratic (LQ) optimal control theory;
however, any design method can be used. Then, the same coupling
scheme that is employed for the plant is also used to synthesize the
subcontrollers into a coupled system controller.

Let the dynamic equations of the two substructures in Fig. 1 be
represented by Eq. (9) and introduce another set of outputs repre-
senting signals to be minimized by the controller,

ymj = HJZJ j =ot,

where the Hj matrices are chosen so that

A performance index is associated with each substructure,

J = - r\zT uTRu]dt
7 2 Jo 7 J J

where

(13)

(14)

(15)

(16)

with

K. ; 0

All of the substructures must be completely controllable and observ-
able with the given performance weightings and noise distributions.
For each substructure, a linear quadratic Gaussian (LQG) design
can be carried out to obtain an optimal subcontroller in the form

BJG°J- Fjcj)<lj
f~1Q ' __ r- O

(18)

where qj is an estimate of the state vector Zj and the superscript o
denotes an optimal design for the substructure.

In order to illustrate how the concept of substructuring decompo-
sition is used to assemble the subcontrollers, we write the controller
equations in the diagonal form of S as

BG° - F°C)q + F°y

u = G°q
(19)

with

[ G° 0 1

o «-,]• F° =
0

The combination of Eqs. (9) and (19) gives the following closed-
loop equation for S:

E 0
0 EJ1H}-[A - -f ,,1|M^ J l ^ J IF°C A + BG -FC}\q\

f f O l f u ; ]. A\'\ (20)

A controller for the assembled structure is created by assembling
the subcontrollers with the same coupling scheme that was used for
assembling the substructures. The global controller equations may
be written as

Eq = (A + BG® - F®C)q + F®y
(21)
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with

F® = T F° G® = G°f (22)

where the superscript 0 denotes that the controller is not optimal
but suboptimal. The gain matrices F® and G® are assembled from
F° and G° with the coupling matrix f as shown in Eq. (22). When
the assembled controller is used to control the assembled structure,
the following closed-loop equation is obtained:

A
F®C

BG®
A + BG® - F®C

u;l
v J

(23)

Under this assembling scheme, the unassembled controller is a
substructuring decomposition of the assembled controller and the
unassembled closed-loop equation is a substructuring decomposi-
tion of the assembled closed-loop equation. The unassembled con-
troller is optimal for the unassembled system and the assembled
controller can be considered to be suboptimal for the assembled
system if it yields a stable design. Closed-loop stability of a SCS
design is not guaranteed; however, this is true of controllers designed
with decentralized methods in general. For example, Young's CCS
method4 and the decentralized methods described in Ref. 2 also suf-
fer from this lack of guaranteed stability. Nevertheless, these design
methods have been successfully demonstrated in laboratory exper-
iments (see Refs. 1 and 10).

From the form of Eq. (23), it is seen that the separation principle
is applicable to the SCS-controlled system. The closed-loop poles
of the assembled system are the union of the regulator poles (zeros
of \sE — A — jBG®|) and the observer poles (zeros of \sE — A +
F®C|). Therefore, stability of the assembled closed-loop system
can be checked by examining the locations of these two sets of
eigenvalues.

It is clear that the coupling matrix f plays the major role in the
SCS method. It also plays an important role in the interpretation of
the performance indices. The performance index of the unassem-
bled system is simply the summation of the performance indices of
the substructures

J = Ja + Jp = 7; I IF QZ + UL Ru\ & (24)

with

o
R«

The state weighting matrix of the unassembled system, g, and the
state weighting matrix of the assembled system, g, are related by
Q = fT Q f . By usingtoe relations z = fz, Q = TTQT,andR = R,
it can be shown that 7, the performance index of the unassembled
system, is symbolically equal to 7, the performance index of the
assembled system. Therefore, with the control and state weight-
ing matrices appropriately chosen, the performance index is also
substructurally decomposable. That is, the optimal control design
problem for the assembled structure can be viewed as a collec-
tion of several substructural LQ problems tied together by a set of
compatibility conditions.

To get a clearer idea about how the controller designs and perfor-
mance indices are related, consider the following three optimization
problems:

Problem 1.
Minimize

/

OO j

-(
2

Subject to

Problem 2.
Minimize

Subject to

Problem 3.
Minimize

Subject to

/

oo -

~(zTQz + uT
2

Ez = Az + Bu

/

oo ,

-(zTQz + uT

. 2

Ez = Az + Bu, = z

Ez = Az + Bu

Problem 1 is the optimal state feedback control problem for the
assembled system. Problem 2 is the optimal state feedback con-
trol problem for the unassembled system. The difference between
problems 3 and 2 is that problem 3 includes one more constraint con-
dition, namely the state compatibility condition. Hence, problem 3
is the optimal state feedback control problem for the unassembled
system with the compatibility condition enforced on the boundary
degrees of freedom, which means that problem 3 is, in fact, exactly
equivalent to problem 1. In the SCS design, it is problem 2 instead
of problem 3 that is solved to obtain the subcontrollers. Therefore,
in some sense, the SCS design method can be interpreted as sim-
plifying the assembled optimal control design problem (problem 3)
by ignoring some constraints (the compatibility condition).

By using the SCS method, the controller design is simplified
since the controller design is carried out at the substructure level.
Another potential advantage of using the SCS method is that the
resulting controller is highly adaptable. For a structure with varying
configuration or varying mass and stiffness properties, like some
space structures, the SCS method may be especially efficient. The
controller can be updated economically by simply carrying out re-
design of subcontrollers associated with those substructures that
have changed. On the other hand, for a controller based on a cen-
tralized design scheme, a slight change of the structure may require
a full-scale redesign. In Ref. 7, there is an example to show how
an SCS controller can be updated very economically when some
actuators and sensors associated with some substructures have mal-
functioned. This favorable decentralized feature of the SCS method
is similar to that of the component mode synthesis methods with
regard to model modification.

The steps of the SCS method are very straightforward and are
summarized below:

1) Design a controller for each substructure.
2) Assemble the substructure models to obtain a model of the

complete structure.
3) Assemble all of the subcontrollers into a global controller for

the assembled structure.
4) Verify stability and performance of the closed-loop system.

IV. Overlapping Decompositions for Generalized
State-Space Systems

In this section, we discuss the concepts of disjoint and overlapping
decompositions and we will develop the inclusion principle (Refs. 2,
8, 9, and 13) for generalized state-space systems. The main reason
for discussing decompositions of generalized systems is that we
want to apply decentralized control concepts to structural systems
without destroying the form of the structural matrices, as happens
when standard-form state-space models are used. Generalized-form
models are very useful because they are appropriate for control
engineering applications, yet they retain the essential characteristics
of the second-order structural system [see Eqs. (5)]. In the following
section, we will show that the ideas of substructuring decomposition
and the SCS approach to controller design are closely related to
overlapping decomposition principles.
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Generalized state-space models, also called descriptor models,
are of the form

f Ez(t) = Az(t) + Bu(t) Ez(0) =

y(t) = Cz(t)
(25)

A unique z(t) always exists for standard-form time-invariant state-
space models (i.e., when E = I). However, existence and unique-
ness of z(f) in a generalized dynamic system depend on the E and
A matrices, the input w(r), and the initial conditions ZQ. For sim-
plicity, we assume that u(t) is continuous at t = 0. Assuming that
\sE — A | ̂  0 identically, then \sE — A\ is a polynomial in s with a
finite number of zeros, where s is the Laplace operator. Therefore,
(sE — A)"1 exists (except at its poles) and z(t) is unique. Note that
neither E nor A need be invertible for z(t) to be unique.

Existence of z(t) may depend on u(t) and z0- When E is full rank,
the system is irreducible and the initial conditions can be arbitrary.
When E is not invertible, the dynamic system is a nonminimal re-
alization, and the state space is reducible [i.e., the system contains
some constraints that may involve the u(t)]. When the initial condi-
tions z0 satisfy all embedded constraints, they are satisfied for all t
so z(t) exists. We say that u(t) and ZQ are an admissible pair if they
satisfy the constraints in the system.

Regardless of the characteristics of the dynamic system, the fun-
damental tenet of decentralized control is the decomposition princi-
ple. It implies that certain dynamic systems made up of interacting
elements can be decomposed into smaller subsystems that can be
considered individually. Controllers are designed for the subsys-
tems and are then combined in some manner to yield a controller
for the overall system. Three important concepts from decentralized
control theory are disjoint decompositions, overlapping decompo-
sitions, and the inclusion principle.1'2'8'9*13

Consider a linear time-invariant dynamic system E described by
Eqs. (25) where \sE — A\ ^ 0 identically, with admissible input
and initial conditions so that a unique z(f) exists. This system can
be partitioned into v interconnected subsystems,

rsZs = ArZr + BrUr

S = 1 .V = 1

yr = CrZr +

ErZr

The decoupled subsystems are defined to be

ErZr = ArZr + Brur, yr=Crzr

Since Eq. (27) is a disjoint decomposition,

(26)

(27)

This means that the decoupled subsystems are independent of each
other and do not share any information (i.e., there is no dynamic
spillover). In compact notation, Eqs. (26) can be written as

Edz E0z = Adz + Bdu + A0

y = Cdz + C0z

and Eqs. (27) can be written as

Edz = Adz + Bdu, y = Cdz

B0u
(28)

(29)

where the matrices Ed, Adt Bd, and Cd are block diagonal. The de-
coupled subsystems are completely independent, and the E0z, A0z,
B0u, and C0z terms represent all of the interconnections between
the subsystems.

Controllers are designed for the decoupled systems but are then
applied to the complete system. Although the controllers are guar-
anteed to stabilize the decoupled systems, there is no guarantee of
stability, or even adequate performance, when the controllers are
applied to the interconnected system. This is due to the effects of
the interconnection terms.

The decomposition that is of primary interest in this paper is an
overlapping decomposition.2'8 Consider a system described by the
following generalized state equation:

£21

£31

£.2

£22

£32

£,3-
£23
£33 J

Zl 'An Ai
AM

33

B,i
BM

B3

(30)

The lines drawn in the matrices identify two subsystems that overlap
and that share the Z2 state. To clarify the interconnection and to
admit the use of standard disjoint decomposition techniques, the
original system is expanded to a larger space. For example, the
system described by Eq. (30) can be expanded to yield

£11 £12
£21 £22

£21 0
_£31 0

0 £!3"
0 £23

^22 £23

^32 £33 _

Zl '

Z2
Zl .

"An
AM
AM

_A3 i

A,2

A22

0
0

0
0 A23

A22 A23

A32 A33

Zi

—
Z2

U3 J

Bn
B2i
BU

822
822

(31)

Now, two subsystems can be formed, as indicated by the lines drawn
in the matrices. The expanded system can be considered as an in-
terconnection of two disjoint subsystems,

£21 £22

0 0

0 0 "
0 0

£22 £23
£32 £33 _

Z2

Z2

"An Ai2

A2i A22

0 0
_ 0 0

0 0 "
0 0

A22 A23
A32 A33 _

Zl
Z2_

Z2
Z3 \

B2 " (32)

and the interconnection terms are

0 0
0 0

EII 0
£31 0

0 Ei3

0 E23
0 0
0 0

etc.

The expansion and the properties of the expanded system are gov-
erned by the inclusion principle, which is defined for generalized
state-space systems below.

Consider two dynamic systems, S [Eqs. (25)] and E:

' Ez(t) = Az(t) + Bu(t) Ez(Q) =

y(t) = Cz(t)
(33)

where only the state space is expanded (i.e., dimz > dimz) and the
dimensions of the input and output vectors of the two systems are
the same.

Definition 4.1. System E includes system E if there exists a
pair of constant matrices (U, V) such that U V = I and, for any
admissible pair (ZQ, u(t)), a z(i) exists for system E, and

z(t\ zo, M) = Uz(t\ Vz0, y[z(t)] = y[z(t)] t > 0

This definition is similar to the definition of inclusion found in Ref. 2,
except that the systems are described by descriptor models rather
than standard state-space models. System E is called an expansion
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of system E, and conversely, E is called a contraction of E. The
expanded system matrices can be created with the transformations

E = VEU

B = VB

A = VAU + AC

C = CU + Cc

(34)

Since U and V are not square matrices, these are singular transfor-
mations. Consequently, the characteristics of the expanded system
are not unique, and one can choose the complementary matrices
Ec ,A0#c ,andCc .

Two specific transformations that_are frequently used create ex-
pansions so that E is a restriction of E or so that E is an aggregation
of E. Both of these transformations are mathematical constructs
with no physical implications in general, although in some cases it
may be possible to attach specific meanings to them. As such, they
are applicable to any dynamic system.

The first type of expansion uses a monic V (i.e., V has full column
rank). If, for any admissible pair (ZQ, u(t)),

z(t\ VZQ, u) = Vz(t; ZQ, y[z(t)] = y[z(t)] t > 0

holds, then system E is called a restriction of E. Restriction com-
pletely specifies the state trajectories of E for a limited set of initial
conditions given by ZQ = ^Zo-

The second type of expansion is obtained when the matrix U is
specified. For an epic (full-row-rank) matrix U, if

z(t\ = Uz(t\ ZQ, u), y[z(t)] = y[z(t)] t > 0

hold for any initial states ZQ and input u(t), for which z(t) exists, then
E is called an aggregation of E. Aggregation defines the projection
of the state trajectories of E onto the state space of E for arbitrary
initial conditions in E . The following theorem establishes conditions
for aggregation and restriction for generalized state-space systems.

Theorem 4. 1 . System E is a restriction of system E if \s E — A \
^ 0 identically and

or equivalently,

EV = VE, = VA, = VB,

CCV = 0

CV = C

Similarly, E is an aggregation of E if \sE - A\ ^ 0 identically and

or equivalently,

UE = EU, = AU, C = CU

Proof. Laplace transform E and E to obtain

sEz(s) = Az(s) + Bu(s) + EZQ, y(s) = Cz(s) (35)

sEz(s) = Az(s) + Bu(s) + Ezo, y(s) = Cz(s) (36)

For the case_of restriction, premultiply Eq. (35a) by V and use
EV = VE, AV = VA, and B = VB to obtain

sEVz = AVz(s) + Bu(s) + EVzo (37)

which implies that z(s) =_Vz(s). Uniqueness of z(s) comes from
the condition that \sE - A\ ̂  0 identically. The requirement that
y = Cz(s) = (CU + Cc)z(s) is the same as Ccz = CcVz = 0, so
CCV = 0.

Next, consider aggregation. For any pair (u(t), ZQ) admissible
in E, z(s) exists, so we canjpremultiply Eq. (36a) by U and use
UE = EU, UA = AU, UB = B, which yields Eq. (35a) when
Uz(s) = z(s) and the pair (u(t), UZQ) is admissible in E. The
requirement that Cc = 0 is satisfied directly by y = Cz(s) =
(CU + Cc)z(s). QED

The complementary matrices are not unique, so they can be cho-
sen so that the expanded system has a desired structure. Once the

expanded system has been created, standard disjoint decomposition
methods can be applied to the interconnected system.

The inclusion principle is also applicable to performance indices
and estimators associated with the dynamic systems. For an LQR,
performance indices / and J are associated with systems E and E
respectively, where

-f2 A

=~ r~ija
(38)

If the matrix Q is chosen so that Q = VT QV and the expansion
of the dynamic system satisfies the restriction conditions, then any
state feedback gain matrix G designed in the_ expanded space is
contractible to_the original space, giving G = GV and J = J.

Normally, G is computed for the disjoint subsystems in the ex-
panded space._That is, we solve the following problem:

Minimize J
Subject to

Edz = Adz + Bdu

When a structural dynamics system is expanded so that the decou-
pled systems are its substructures, this problem will be exactly the
SCS LQ problem (problem 2) discussed in the previous section.

For estimators of E and E, the same expansions used for the
dynamic systems are used. Let 8 and 8,

8: Eq = Aq + Bu + F(y - Cq)

£: Eq = Aq + Bu + F(y - Cq)
(39)

be estimators for E and E_, respectively. When £ is expanded so
that it is an aggregation of £, any estimator gain matrix designed in
the expanded space is contractible to the original space. If F is the
estimator gain matrix designed in the expanded space, the contracted
gain matrix is given by

= UF (40)

Here we must note that the most significant difference between
overlapping decompositions of standard state-space systems and
descriptor systems is in the contracted estimator gain matrices. A
simple way to illustrate this is to assume that E~l exists so we can
convert 8 to standard form,

I = E~lAz + E~lBu + L(y - C2), = E~IF (41)

If we compute L based on an overlapping decomposition of Eq. (41),
then using the same notation as above, we get L = UL. By premul-
tiplying Eq. (39a) by E~l after obtaining F from F,_computed in the
expanded space, we get L = E~1UF and E~1UF ^ UL. Essen-
tially, the difference depends on premultiplying by E~l before or
after the expansion and contraction_steps. It can be easily seen that
the only fully populated rows in UL are those_corresponding to the
overlapped state estimates, whereas in E~1U F, all of the rows will
be fully populated unless E is diagonal.

V. Substructuring Decomposition and
Inclusion Principle

The substructuring decomposition introduced in Sec. II may be
interpreted from a purely mathematical point of view as a special
case of an overlapping decomposition of generalized state-space
systems. When the state coupling matrix f introduced in Eq. (10)
is chosen to be one of the expansion matrices used to create an
expanded system, the substructures can be broken out as the de-
coupled subsystems in the expanded space. Consider again the two-
component structure shown in Fig. 1. Let the nodes of the structure
be partitioned into interior nodes and boundary nodes, as discussed
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in Sec. II. The states can be chosen as the generalized displacements
and velocities and organized as

The matrices of the generalized state-space equations can be parti-
tioned into

F" Fib 0^a ^a u

pbi pbb , pbb pbi
^u ^a ' ^ft ^p

0 Eib E"

**-rv **ni "

E =

B = 0 0

\Ca

L°

r =

o o

0 0

to correspond to the partitioning of the state vector, and the above
submatrices are related to the structural dynamics system matrices
of Eq. (7) by the following:

Mbb + Mbb
Mbb + Mbb

0
etc.

0 Mlj

\bb _

BL =

etc.

etc.

Notice that the matrices J5, T, and C reflect the local input and
local output conditions in that the rows (or columns) associated
with boundary states have only zero entries.

The model of the complete structure can be expanded so that it
represents a restriction of the expanded system by letting

U = 7" V = T (42)

where f1 is the pseudoinverse of f. If the complimentary matrices
are chosen as

"0 \Eib -\Eib 0"

0

0

0 i(

0 -\

0

Bc = 0,

\Aib
™

0

rc = o, cc = o

then the expanded matrices are

£ =

/? ....

17" fib

ffbi j?bb _i_ j?bb
^a ^a ~T ^p

Ebi 0
0 0

~ A » A?

Aj;1' 0
0 0

0 0 "
0 E$

fbb i fbb f?bi
a ^^ )8 ^3

F1'* F''1'11 j8 ^ft _

0 0 "
0 ^

ot ~*~ ft P

Aib A"

BL ° ri °
0 0 0 0p —
0 0 0 0
o #jj o rj,

- [Ca 0
\_^ — • 1l o o

0 0 1
o cJ

Now we can consider a disjoint decomposition of the expanded
model of the structure. When the interconnection matrices are cho-
sen as

E»'

£22 =

A,2 =

A22
FA?
L o

the decoupled subsystems are the individual substructures. Now
substructure gain matrices can be calculated and contracted to give
a global gain matrix. We see that G = G° and G = G®, and since
V = f, contraction and SCS assembly produce the same global
gain matrix.

In a similar fashion, the assembled structure model may also be
expanded so that it represents an aggregation of the expanded system
by letting

= TT (43)

and choosing the complimentary matrices appropriately. The decou-
pled subsystems in the expanded space can be the substructures and
decentralized estimators can be calculated. The estimator gain ma-
trices are contracted to form a global estimator gain matrix. Again,
assembly and contraction are equivalent. Hence, we see that sub-
structuring decomposition and the SCS method of controller design
can be interpreted as a decentralized control approach using over-
lapping subsystems. Of course, it is more convenient to interpret the
SCS method in its original form since there is no need to explicitly
expand and contract the structure model.

VI. Example
A plane truss structure (Fig. 2) is used to demonstrate the appli-

cability of the SCS method. Although it is relatively simple, this
structure has some properties that make it a good example. First, the
a. component is cantilevered and the ft substructure is free-free. This
means that a subcontroller must deal with the rigid-body modes of
the ft substructure, which are not present in the assembled structure.
Second, the assembled structure has a mode well below the lowest
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Table 1 Sensor and actuator locations on
example truss structure

Output
signal
X velocity
Y velocity
X position
Y position

Node

5,11
6,12

14
12,13

Actuator
type

X force
Y force

Node
6,13

5, 10, 14

Table 2 Open-loop frequencies of substructure and
assembled structure (below 110 rad/s)

a substructure

Mode
1
2
3
4
5

Frequency,
rad/s

6.34
29.21
66.66

101.7
109.7

ft substructure

Mode
1
2
3
4
5

Frequency,
rad/s
0
0
0

58.38
102.6

Assembled structure

Mode
1
2
3
4
5
6
7
8

Frequency,
rad/s
2.22

11.96
29.04
49.39
60.46
71.54
94.94

109.0

480mm

Fig. 2 Truss example structure.

—— Assembled structure
— — Alpha-substructure

Beta-substructure

102

Frequency (rad/sec)

Fig. 3 Open-loop maximum singular value (<r) plot of example truss
structure and its substructures.

modes of the individual substructures (see Fig. 3 and Table 1). Fi-
nally, a cantilevered truss is a typical CSI structure. For example, the
NASA Langley Minimast structure is a cantilevered truss structure,
as are other test structures.10'14

The example truss is assumed to be made of aluminum tubes
with outer diameter d0 = 4 mm and thickness t = 1 mm. The
dimensions of each bay are shown in Fig. 2. Five force-type actuators
are used to control the structure, as shown in Fig. 2 and listed in
Table 2. Two actuators are associated with the a substructure and
three actuators are associated with the ft substructure. The output
signals are velocity and position. The a substructure has two velocity
outputs, and the ft substructure has two velocity outputs and three
position outputs, which are also shown in Fig. 2 and listed in Table 2.

Control design requires that the systems be completely con-
trollable and completely observable from the minimized outputs
and from the measurements. These requirements mean that the ft

1 10 102

Mean-Square Control Cost
103 104

Fig. 4 Comparison of optimal and SCS stochastic regulators (W = 1).

— Uncompensated structure
Closed-loop using SCS LQR
controller
Closed-loop using optimal LQR
controller

10 102 103

Frequency (rad/sec)

Fig. 5 Closed-loop LQR or plot of assembled structure, pscs = 100.

IO2

io-2

io-3

— Uncompensated structure
Closed-loop using SCS LQR
controller
Closed-loop using optimal
LQR controller

10 IO2 IO3

Frequency (rad/sec)
IO4

Fig. 6 Closed-loop LQR a plot of assembled structure, pscs = 0.001.

substructure must have at least three position measurements and
three actuators to fully sense and control the three rigid-body modes.
Since the a substructure is cantilevered, there are no restrictions on
the number or type of sensors and actuators.

The performance indices used in the SCS regulator designs were
chosen to be

1 f °
Jr = -L Jo

rxr + xT
rKrxr puT

rur] dt

r = ot,ft (44)
The third term is the square of the substructure position measure-
ments. This term is included primarily to extend additional control
authority to the rigid-body modes of the ft substructure. It is straight-
forward to show that these performance indices are assemblable and
satisfy the inclusion conditions defined earlier.

The simulation results are shown in Figs. 4-7. Figure 4 compares
the performance of the optimal regulator and the SCS regulator by
plotting the mean-square regulation error vs the mean-square con-
trol cost, assuming a unit intensity stochastic disturbance and using
control penalty factors ranging from 0.001 < p < 100. The bounds
on p were chosen on the basis of the closed-loop response. (Inci-
dentally, the regulators were stable even for smaller values of p.)
Above p = 100, the controller exerted very little influence (Fig. 5),
and at p = 0.001 the controller was very aggressive (Fig. 6). The
LQR results are very good. The SCS full-state feedback controller
performance compares very well with the optimal full-state feed-
back controller over the complete range of p values.
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io2

io-3

Uncompensated structure
Closed-loop using SCS LQG
controller
Closed-loop using optimal
LQG controller

10 IO2 Iff
Frequency (rad/sec)

Fig. 7 Closed-loop LQG v plot of assembled structure, pscs = 0.1,
V/W = l X IO-3.

In the dynamic output feedback case, the estimator was a Kalman
filter. Estimator gains were calculated for each substructure for noise
intensity ratios V/W > 1 x 1(T4. The SCS LQG controller was
stable over the whole range of V/W. Figure 7 shows the closed-
loop maximum singular-value (a) plot (i.e., a frequency response
plot) of the complete structure using the SCS LQG controllerand the
global optimal LQG controller designed with p = 0.1 and V/W =
1 x 10~3. Again, the results are excellent; the frequency response
curves almost coincide. Increasing V/W reduced the effectiveness
of the controllers, as expected, and again the SCS LQG controller
compared well with the optimal one.

VII. Summary
A decentralized LQ control design method called the SCS method

has been presented for control design of flexible structures. The ba-
sic idea is to design controllers for the substructures of a structure
and then to create a global controller by assembling the subcon-
trollers using the same coupling process employed to assemble the
substructures. If all substructure states are available for feedback,
then the resulting controller is decentralized. When estimators are
used, a global controller results.

The SCS method is attractive because it is a decentralized de-
sign approach in which no explicit decomposition of the structure
model is necessary, since the substructure models often already ex-
ist. The SCS controller is very adaptable because the subcontrollers
are designed independently, and therefore the controller can be eas-
ily updated if part of the structure changes. In addition, since it
is a decentralized method, the computational cost of designing the
controller is reduced.

It was shown that this method is closely related to decentral-
ized controller design using overlapping subsystems. In fact, the
SCS method can be interpreted as a specific case of decentralized
controller design using overlapping subsystems expressed in gen-
eralized form. This was demonstrated by extending the concepts of
overlapping decompositions and the inclusion principle to general-
ized state-space systems. However, it is more convenient to interpret

the SCS method in its original form because it bypasses the need to
explicitly expand and decompose the structure model.

The feasibility of the SCS method was numerically demonstrated
for a plane truss structure. The SCS controller compared well with
a global optimal controller. Further research in substructure-based
structural control includes developing techniques to assess robust-
ness to modeling errors and to disturbances introduced from the
assembly of the substructures.
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